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HOLOMORPHIC HILBERT BUNDLES AND THE
FRAME EXISTENCE PROBLEM
MOHAMMAD B. ASADI AND ZAHRA HASSANPOUR-YAKHDANI
Abstract. We show that if A = K(l2) + CIl2 , then there exists
a Hilbert A-module that possess no frames.
1. Introduction
The classical frame theory has been generalized to the setting of
Hilbert C∗-modules by Frank and Larson [5]. They concluded from
Kasparov’s stabilization theorem that every countably generated Hilbert
C∗-module over a unital C∗-algebra has a standard frame. They asked
in [5, Problem 8.1], for which C∗-algebra A, every Hilbert A-module
has a frame? In 2010, Li solved this problem in the commutative uni-
tal case, and characterized the unital commutative C∗-algebra A that
every Hilbert A-module admits a frame as finite dimensional one [6].
In general case, the conjecture is as follow:
“Every Hilbert C∗-module over a C∗-algebra A admits a frame if and
only if A is a dual algebra.”
In the commutative case, Li applied the Serre-Swan theorem. This
theorem states that there is an one to one correspondence between
finitely generated projective modules over a commutative C∗-algebra
C(Ω) and complex vector bundles over Ω [7].
In [4], Elliott and Kawamura shown that the vector space of bounded
uniformly continuous holomorphic sections of every holomorphic uni-
formly continuous Hilbert bundle of dual Hopf type over pure states of
a C∗-algebra A admits a unique structure of right Hilbert A-module.
In this paper, we give a partially affirmative response to the above
conjecture. Indeed, we have applied the Elliott-Kawamura approach
and concluded the following result:
“If H is a separable infinite dimensional Hilbert space and A =
K(H) + CIH , where K(H) is the C
∗-algebra of compact operators on
H, then there exists a Hilbert A-module that possess no frames.”
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2. Holomorphic Hilbert Bundle
Let A be a C∗-algebra, Aˆ the spectrum of A and P (A) be the set
of pure states of A. In general, P (A) is not compact, in this case we
consider P0(A) = P (A) ∪ {0}. However, we set P0(A) = P (A), when
P (A) is compact.
For any pi : A −→ B(Hpi) in Aˆ, and each unite vector h ∈ Hpi, the
linear functional f , given by f(·) = 〈pi(·)h, h〉, is a pure state. In this
case, we use the notations pi = [f ] and f = (pi, e), where e = h ⊗ h.
Also, the unitary equivalence class of f (as a set) is equal to
R1(Hpi) := {e ∈ B(Hpi) : e is a rank one projection}.
R1(Hpi) has a natural holomorphic manifold structure that is indepen-
dent of the chosen representative element in each equivalence class in
P (A) [4]. Therefore, we can identify P (A) as the disjoint union of
projective spaces, i. e.,
P (A) =
⋃
pi∈Aˆ
{pi} × R1(Hpi).
Then P0(A) has a natural holomorphic manifold structure and it has
a natural uniform structure determined by the seminorms arising from
evaluation at the elements of A.
In [4], Elliott and Kawamura introduce the concept of uniformly
continuous holomorphic Hilbert bundle of dual Hopf type over pure
states of a C∗-algebra. In fact, we set
H = {B(Hpi, Kpi)e}(pi∈Aˆ∪{0},e∈R1(Hpi)),
where Kpi is a Hilbert space, for all pi ∈ Aˆ. If X(H), the vector space of
bounded uniformly continuous holomorphic sections of H, exhausting
fibres then the pair (H, X(H)) is a uniformly continuous holomorphic
Hilbert bundle of dual Hopf type. In this case, for any S ∈ X(H) and
any pi ∈ Aˆ there exists a operator Spi ∈ B(Hpi, Kpi) such that
S((pi, e)) = Spi ◦ e (e ∈ R1(Hpi))
As shown in [4], X(H) is a Hilbert A-module. In fact for any S, T ∈
X(H), the A-valued inner product is defined by S∗T , where
S∗(pi, e) = e ◦ S∗pi ∈ eB(Kpi, Hpi), for all (pi, e) ∈ P0(A).
Since (S∗pi ◦ Tpi)pi∈Aˆ ∈
∏
pi∈Aˆ(B(Hpi)) is uniformly continuous, we can
consider S∗T belongs to A, by a Brown’s result [2].
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3. Frame Existence Problem
Theorem 3.1. Suppose that A is a C∗-algebra, f0 ∈ P (A), pi0 = [f0],
Hpi0 is a separable Hilbert space and W is a countable subset of P (A)
such that f0 ∈ W \W . If there exists a uniformly continuous holomor-
phic Hilbert bundle of dual Hopf type H = (B(Hpi, Kpi)epi)(pi,epi)∈P0(A)
such that for any pi ∈ [W ], Kpi is separable and Kpi0 is nonseparable,
then the Hilbert A-module X(H) possess no frames.
Proof. Assume that {Sj}j∈J is a frame for X(H). Hence, there exist
positive numbers C,D such that for any section S ∈ X(H) the following
inequality holds
CS∗S ≤ Σj∈JS
∗SjS
∗
jS ≤ DS
∗S.
Hence, for every pi ∈ Aˆ, epi ∈ R1(Hpi) and S ∈ X(H), we have
CS∗S((pi, epi)) ≤ Σj∈JS
∗SjS
∗
jS(pi, epi)) ≤ DS
∗S((pi, epi)),
so,
Cepi◦S
∗
pi◦Spi◦epi ≤ Σj∈Jepi◦S
∗
pi◦Sjpi◦epi◦S
∗
jpi◦Spi◦epi ≤ Depi◦S
∗
pi◦Spi◦epi.
In particular, for any nonzero element xpi ∈ Hpi we have
C‖Spi(xpi)‖
2 ≤ Σj∈J | 〈Spi(xpi), Sjpi(xpi)〉 |
2≤ D‖Spi(xpi)‖
2.
Since bounded holomorphic sections exhaust fibers, so for any ypi ∈ Kpi
there exists a section S ∈ X(H) such that Spi(xpi) = ypi. Thus
(3.1) C‖ypi‖
2 ≤ Σj∈J | 〈ypi, Sjpi(xpi) |
2≤ D‖ypi‖
2.
According to inequality 3.1, for all pi ∈ Aˆ, 0 6= xpi ∈ Hpi, 0 6= ypi ∈ Kpi
the following set has to be countable
Fxpi,ypi := {j ∈ J : 〈ypi, Sjpi(xpi)〉 6= 0}.
In particular, if pi ∈ [W ] then Kpi is separable and so it has a count-
able orthonormal basis as Epi. Hence, for each pi ∈ [W ], the following
set has to be countable
Fpi,xpi := {j ∈ J : Sjpi(xpi) 6= 0} =
⋃
ypi∈Epi
{j ∈ J : 〈ypi, Sjpi(xpi)〉 6= 0}.
Consequently, if we writeW = {(pin, en) : n ∈ N}, then F =
⋃
n∈N Fpin,xn
is a countable set, where for any n ∈ N, xn ∈ Hpin and en = xn ⊗ xn.
Also, we use the notation f0 = (pi0, e0), where e0 = x0 ⊗ x0 for some
x0 ∈ Hpi0.
For each j ∈ F , Im(Sjpi0) is a separable space, since Hpi0 is sep-
arable. Then, K0 = 〈
⋃
j∈F Im(Sjpi0)〉 is a separable subspace of the
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non-separable Hilbert space Kpi0 , hence there exists a unit element
ypi0 ∈ Kpi0 that is orthogonal to K0. Then for any j ∈ F , S
∗
jpi0
(ypi0) = 0.
On the other hands, for any j ∈ J \ F , we have Sjpi0(x0) = 0,
since (pi0, e0) ∈ W and Sj is continuous. Thus for any j ∈ J , we have
〈ypi0Sjpi0(x0)〉 = 0. By (3.1), ypi0 is equal to zero, that is a contradiction.
Therefore, the Hilbert A-module X(H) admits no frames. 
4. K(l2) + C
In the following, we consider A = K(H) + CIH , where H is a sep-
arable infinite dimensional Hilbert space. Also, let {hn}n∈N be an or-
thonormal basis for H and en = hn ⊗ hn, for all n ∈ N.
We recall that, Aˆ = {pi0, pi1}, where pi1 = id and pi0(T + λIH) = λ,
for every T ∈ K(H) and λ ∈ C. Thus, we can consider
P (A) = ({pi1} × R1(H)) ∪ {(pi0, 1)}.
Note that in this case, P (A) is a compact hausdorff space and also
(pi0, 1) ∈ W \W , where W = {(pi1, en) : n ∈ N}.
Theorem 4.1. There exists a uniformly continuous holomorphic vec-
tor bundle of dual Hopf type over P (A) satisfying the conditions of
Theorem 3.1.
Proof. Li shown that in [6, Lemma 2.1], there exists an uncountable set
F of injective maps from N to N such that for any distinct f, g ∈ F ,
f(n) 6= g(n) for all but finitely many n 6= N , and f(n) 6= g(m) for all
n 6= m.
Let Kpi1 = l2 with the standard basis {zn}n∈N and Kpi0 be a non-
separable Hilbert space with an orthonormal basis {hf}f∈F indexed by
F . For each f ∈ F consider the isometry uf : H −→ l2, given by
uf(hn) = zf(n) for all n ∈ N. Also, we consider vf : C −→ Kpi0 by
vf(λ) = λhf .
Now, we can define Sf : P (A) −→ (
⋃
e∈R1(H)
B(H, l2)e)∪(B(C, Kpi0)1)
by
Sf((pi, e)) = {
uf ◦ e pi = pi1
vf ◦ 1 pi = pi0
Set V = {
∑n
i=1 λiSfi : n ∈ N, λi ∈ C, fi ∈ F}. We claim that the
function (pi, e) 7→ ||S(pi, e)|| is continuous on P (A) for every S ∈ V .
For this, we note that if S =
∑m
i=1 λiSfi ∈ V , then there is a finite
subset J of N such that fi(n) 6= fj(n), for all n ∈ J
c and i 6= j. Hence,
FRAME EXISTENCE PROBLEM 5
if e = x⊗ x, for some unite element x ∈ H , then we have
||S(pi1, e)||
2 = ||
m∑
i=1
λiufi(x)||
2 = ||
m∑
i=1
λi(
∞∑
n=1
〈x, hn〉zfi(n))||
2
= ||
m∑
i=1
∑
n∈J
λi〈x, hn〉zfi(n)||
2 +
m∑
i=1
||
∑
n∈Jc
λi〈x, hn〉zfi(n)||
2
= ||
m∑
i=1
∑
n∈J
λi〈x, hn〉zfi(n)||
2 +
m∑
i=1
|λi|
2(1− ||
∑
n∈J
〈x, hn〉zfi(n)||
2).
Now, if a net {(pi1, eα)}α∈I is convergent to (pi1, e) (or (pi0, 1)) and
for every α ∈ I, eα = xα ⊗ xα for some unite element xα ∈ H , then
|〈xα, y〉| → |〈x, y〉| (or |〈xα, y〉| → 0), for all y ∈ H . Consequently, for
every f ∈ S and y1, · · ·, yN ∈ H , we have
||
N∑
n=1
〈xα, yn〉zf(n)||(= (
N∑
n=1
|〈xα, yn〉|
2)
1
2 ) → ||
N∑
n=1
〈x, yn〉zf(n)||
(or ||
N∑
n=1
〈xα, yn〉zf(n)|| → 0).
Thus, ||S(pi1, eα)|| → ||S(pi1, e)|| (or ||S(pi1, eα)|| → ||S(pi0, 1)||). This
proves the claim.
Therefore, V is a linear space of bounded holomorphic sections with
uniformly continuous norm and it exhausts each fibre. Now, as men-
tioned in [4], by Zorn’s lemma, we can extend it to a linear space X(H)
of the bounded holomorphic sections with uniformly continuous norm,
maximal with this property, and exhausting each fibre. Clearly, X(H)
satisfies the conditions of Theorem 3.1. 
The following result can be obtained from Theorems 3.1 and 4.2.
Corollary 4.2. If A = K(l2) + CIl2, then there exists a Hilbert A-
module that possess no frames.
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